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TAILORPED TFSTING, AN APPLICATION OF STOCHASTIC APPROXIMATION*

This paper deals wi*h a rather diffi.idlt problem in educational (or
mental) testing; However, the statistical reader need not be familiar with
the basic ideas of classical mental test theory--in particular, the notions
of "true scoce” and "reliability." The inconsequence of the classical
theory here is surprising. Perhaps this indicates that the approach to be
used is no less .fundamental than the classical theory itself.

Consider the educator or psychologisi whose purpose is to measure‘
"ability" or achievement (or other trait)‘for a number of individuals.

Let us denote the trait being measured by 8 =and choose a scale of measure-
ment so that @ wvaries from -» to +«= « For present hHurposes, 8 1is
not a chance variable; it is simply a parameter describing a person.

The educator has & large bag full of test questions calledl “"items."
Let us only consider items that are scored "right" or "wrong." Denote
the score on item i by u = lor O . Think of testing just one perecon;
or if a group is to be tegted, consider each person 1nd;v1dually- wé
plan to use the indiv’dual’'s respoﬁses to a selected subset of the items
in order to estimate his valve of 6 .

If we are to do this, we need to know something about how his re-

spo..ses depend on his ability, that is, something about the function

*This work was supported in part by contract NOOO14-69-C-0017,
project designation NR 150-303, between the Personnel and Training
Research Frograms Office, Psychological Sciences Division, Office of
Naval Researci and Educationél Testing Services Reproduction in whole

or in part is permitted for eny purpose of the Uni%ed States Government.
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This function is called the trace line or item characteristic function
~or iter characteristi: curve [5, chapts. 16-17; 4]. It seems reasonable
to assume that the function is continuous and monotonic increasing--the
higher the ability level, the more the protability of success.

Tyrically, the item characteristic function is assumed to be & logis-
tic function, or a cumulative normal distribution function; or possibly ore
of these functions so modified as to have its lower asymptote greater than
O. Some typical item characteristic curves are shown in Figure ;. The
meaning of the descriptive paremeters a, b, and ¢ need not concern
us at this point.

Although the unmodified curves are cumulative distribution functions,
it is usually not helpful to tnink of them in this vays The item charac~

teristic function is best thought of as the regression of the item scorc

u on 8.

i
It is common to assume that for any set of items the conditiocual.
probability of success on all the items when 8 is fixea 1is simply the

product of the .ieparate probabilities of success. This assumption is

known aa the assumption of local independence. It implies that items are

uncorrelated when ability is held constant (EEE that they are uncorre’ ated
in ordinary groups of examinees).
To see the reason for the assumption, let us suppose on the contrary

that Plj s the probability of simulteneous success on items 1 and J ,
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Figure 1. Probability of correct answer 83 a function of
ability, as estimated for five SAT Verbal Items.
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is greater than Pin . This would wean that even when é is fixed, there
is some psychological dimension that helps to determine whether items 1
and J are answered correctly. In other words, for fixed & , ifems i
and J constitute s two-item test measuring some psychological dimension
other than 6 . This is just the sort of situation that the assumption of
local independerce is intended to rule out. For simplieity, we wish to
consider tests that measure & single psycholcgical dimension rather than
tests that measure several at the same time.

Let us suppose that the items in the educator's bag have been exten-
sively pretested, so trat the shape of the item characteristic curve for
each item is known to a good approximation. Let us select from the bag a
large set of items whose‘characteristic curves differ oniy by a translation
along the 6 -axis. Thus, we may describe item 1 by a rarameter bi;

called the difficulty of item 1 , defined by the equation
P(v) =

where O 1is rome constant, possibly 1/2, chieen by the statistician.
Since all characteristic curves differ only by a translation, the curve
for item 1 will be wiitten és P(6 - bi) .

- Suppose now that we sdminister many items to a particular student.
By trial and error, we can find epproximately the item difficuity level b
at which the student has probability of success & . Once we have done
this, we can now estimate the student’s ability level as approximately

9=b.

92
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As I have outlined it, the problem of éstimatlng @ 1is a standard prob-
lem in stochastic approximaticn [8]. sSpecifically, the stochastic apprexi-
mation problem is to choose a sequence of items--that is, a sequence of
bi --in such a way that we can estimaté @ from the resulting sequence
of u .

The item sequence constitutes a tailored test, so called because the
items are chosen specifically in an sttempt to measure une particular
individﬁal as effectively as possible.

Although ﬁailored testing can be cerried ocut in a paper-and-pencil
situation, it is relatively difficult to do so. On the other hand, if a
computer is available, as i%t is in many educational institutions, then 2
large number of test {teﬁs can be gtored in tie computer. Once an effec-
tive rule for selecting items is provided, the computer can easily produce
a test speéially tailored to the ability level of each individual being
tested.

According to the Robbins-Monro stochastic approximation procedure,

" the difficulty of the (v + 1) -st item is to be determined by the rule
Dysy =0y * dv(“v - o) ' (2)

where dl,de,-{- is a suitable decreasing sequence of pcsitive constants

chosen in advance by the stetistician [8, 7, 3]. Typically,
dV = dl/V ) (3)

a harmonic sequence. Each dv determines a “"step size" by which item

difficulty is adjusted--upwards if = 1, downwards if =0 .
W Y
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This rule for choosing items has the following effect: Each time the
student answers an item correctly, the nerxt item administered is chosen to
_be more difficult. Eech time his answer is incorrect, the next item is
chosen to be easier. The increment or decrement in item dif‘iculty is
large at the start of the testing, when little is known about the student's
ability level, and becomes smaller as testing proceeds. All these prop-
erties cf the rule seem intuitively desirable.

Unfortunately, & strict adherence to this rule would require storing
2n iters in the computer before beginning to test, where¢ n 1is the total
number of items (presumed to be fixed in advance) to be administered to a
siggle examinee. In most tests composed of dichotomously scored items,
n2>25, .

In order to avoid preparing and storing on itqms, a method called

the up-and-down method, originally designed for testing explesives, can be

used [8). In this method, the rule fur choosing iters is the same as under
the Robbins-Monro procedure excert that d, in (2) is replaced by some
predetermined fixed step size 4 .

When O = 0.5, the up-and-down rule becomés

b, +d if u =1,

: " with probsbility P(6 - bv) ,

b ., = ()
b, -d if u =0,

with prevability Qe - bv) s

where Q=1 - P . Figure 2 may be helpful in visualizing the sequence of

items edministered. It is agsumed that the difficulty of the first item



Ttem Difficulties
=3d -2 -4 0 da 2d 3d

by,

Figure 2. Possible sequences of item difficulties.
When the difficulty of the first item is bl = 0 , any path
proceeding downwards from the apex represents s possible
sequence.
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i3 bl = 0 « Any downward path starting at the apex of the figure repre-
‘gents a possible sequence of item difficulties for a single individusl.

In principle, at Lleast, we must store one item in the computer for
each intersection shown in Figure 2. Thus if n items are to be adminis-
tered to the examinee, the total number of items to be prepared and stored
before testing should be n(n + 1)/2 . It is quite practiceal to cerry on
conmputer-based teating with the uyp-and-down method, especially if a few
shortcuts are tagen to reduce the total number of items required.

It is clear‘from Figure 2 that the up-and-down method corresionds to
a randcm walk. The transition probabilities P(6 - bv) and Q(6 - bv)
are étationary. They depend on bv , but they do not depend on v when
bv is given.

The up-and-down method has been widely recommxndgd and used in bio-
assay applications. Dixon and Moud [2] ob*ained a large-sample epproxi-
mation to the maximum likelihood estimator of & for the uv-and-down
method, on the #asumption that P(€) is a normal oglve. The 1likelihcod
function is

: n v R
L(uy, Uy e e 00 105 BB, eeny® ) = U [Re - b)) Vie -v) T, (5)
vwhere the value of b, for v > ) depends on the values of W,
W, p :+*» W , 88 shown bY equation (4).
Consider the following three simple methods for séoring the student's

responses t0 the items edministered:
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* 1« The "final-gifficulty score,” bn+i » the difficulty of the
(n + 1) -th item administered, as defifed by equation (2).
- Robbins and Monro showed that for suitable sequences [dv} »
the score tv converges in probability t¢ 6 as v

becomes largn.

n
2. The "number-right score,” T u_, or the "proportion-
v=l v
right score,” 5 I &, . The foruer is the score most
v=1

-

comronly used in scoring conventional mental tests.

[ {od

3. The "average-difficulty score," X = Z b . This

n v=2

score is simply ihe average of the difficulty param-

eters of {he items administered to the student,

omittlng the first (since the first item s the same

for all examinees) and including by
[Before going ahead, the redder may wish to make a guess as to the relative
merits of these three scoring methods for the up-snd-down (fixed step size)
procedure.]

When the step size shriloks approprielely as n increases, as in the

Robbins-Morro ﬁrocedure, b is a good estimator for O . When the step

n+l

size is fixed, as in the up-and-down method, b is no longer a con-

n+l
sistent estimator for 6O , nor does ity sarpling variance apprcdach zero
a8 n becomes large. W

Surprisingly, it turans out that when step size is fived number-right

score is perfectly correlated with bn+1 .

O

10
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Brownlee, Hodges, and Rosenblatt [1) have shown that the average-

difficulty score is asymptotically equivalent to the naximum likelihood
egtimator fof 6 found by bixon and Mood. Although no optimum small-
sample proverties have been proven for the average-diffiéulty score, it
appears to be the score of choice for the up-and-down method at presant.
(see Wetherill [9] for empirical studies of Rotbins-Monro, up-and-down,
and other procedures.)

The remaining problem for discussion here is the evaluation of dif-
ferent testing procedures and of the different choices 6f parameters such
as d and O .

It frequently happens that organizations test similar groups of stu-
dents year after year; In this case, they have available an excellent prior
distribution for the parameter € based on records of past performance.

In such situations, the careful design of a tailored £est1ng procedure
would certainly be based on a Bayesian approach (see Owen [6]).

The Bayesian approach will not be used here. For one thing, it com-
pPlicates the mathematics. For present purposes, it seems better to
present results in a form that can be used by a variety of different readers
having a variety of prior distributions for € .

Brownlee, Hcdges, and Rosenblatt have & recursive method for evaluating
e(xle) , the expected score for any given 6 ; also for evaluating aa(xle),

its conditional variancé. For exaﬁple,

8[7&”1-(%1)9 ' 6; bl=b] = P(e-b) e[xv_ve I 0; b =bd] (6)

1
+ Q(6-b) &[X,-ve | o; b =b-d]

+ (d-8+4b) P(8-b) - (a+e-b) Q(6-b) .

11
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o It is quite practical, even for sizeablé n , to compute recursively on a‘
compﬁter the desired expectationsignd samnle variances, for each of a

| varieﬁy of vaiues of 8 .

This brings us to an interesting problem in statistical inference. 1In
_ bloassay @ is typiéally the dose of a drug at which P(g) =@ . Usually,
any bias in the estimation procedure is a sertous‘problem. In bioassay, it

would seem appropriate to use the mean-square error
2
MSE = (X - )~ . (7)
2 2
= o“(xlg) + [e(xlg) - o)

as an appropriate measure of the effectiveness of a particular procedure.
In mental testing, on the other hand, bissed estimates of @ are

perfectly se*islactory provided the bias is the same for each studcnt

tested. The fact is that in most sitﬁn*tuns the origin and the unit of

measurement for measuring ability ia arbitrary. Thus the parameter

6*=A+BO ’

*
where A eand B are any constants with B >0, iu ususlly quite as satis-

factory as the parameter @ itself. For examvwle, the number-right score

™MB

uv is just as satisfactory an estimator as the proportion-right score

n
L .-hough these scores cleerly do not estimate the same parameter.

-l i

Both scores are satisfactory despite the fact thet the sampling variance of
" 1

the first is n2 times as large as the sampling variasnce of the second.

12
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If we cannét discriminate a&ong éstimation procedures on the basis of
bias and sampling variancg, how ére we to evaluate different estimation
procedures with respect to each other?. If the purpoée of the test is ‘o
separate students with higher 9 from those with lower @ » it is clear

that in some sense we would like

e(xlea) - e(xlel)
o(XTA, )

to be large, where 6, = 9.L + Ae and A is a small increment in @ , suf-

0
ficiently smell so that o(xlea) 1s approximately equal to 9(X|Gl)'. For
present purposes, the effectiveness of a rsychological testing procedure
will be descrited by Ix(e) » & function of 9, where
2
kle(xlow ) - e(xle))

T,(0) - a“(xle)

. ' (8)

The constant of proportionalify K and the choice of Ab affect the size
of Ix(e) but are irrelevant for comparing different teating procedures
as long as the same values are used for each procedure.

The sorts of results obtained are illustrated in Figures 3 and 4. The
ability level ol the examinee is shown along the horizontal axis in each
fiéure. The effectiveness of each test procedure is shown clong the verti-
cal axis (although different numerical scales are used in the two figures).
Each curve ghows the effectiveness of a procedure as a function of ability
level.

The curves labeled "standard" are displayed to provide familiar bench

marks. FEach standard test is a conventional (not a tailored) test, composed

13
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entirely of items of equal difficulty, the score being the number of right
answers. For such a test, the number of right answers is known to be a
sufficient statistic for estimating 6 . Thus a horizontal line passing
through the maximum of a stendard curve represents an upper limit to the
effectiveness of Any test procedure based on dichotomously scored items--
an upper limit that ordinarily would be attainahle only if the examinee's
true va;ue of @ were known in advance of the testing.

The tests shown in Figures 3 and 4 all require administering n = 60
items to each student. The three broken curves at the top of Figure 3 dis-
play the effectiveness of three tailored tests with fixed step sizes
d = .05, .20, and 1,0, In the situation illustrated, a step size of .05
is seen to be too small. It seems that a atep size around d = .20 is
most effective for the circumstances considered. A step size of 1.0 would
be necessary, however, if it were desired to measure accurately at apility

levels above 9 = 4 or below @ = -4 .

The three curves lsbeled c = O describe a tailored testing with
items that cannot be answered correctly by guessing. The curves labeled
c = .2 describe tailbred tests composed of items that will be answered
correctly at least 20 percent of the time, even by examinees at very low
ability levels. The figﬁre shows that when low-ability students can some-
times answer items correctly (whether by random or nonrandom guessing),
there is & considerable loss of measurement effectiveness. A part of this
loss may be recove%ed by a more suitable choice of the parameter & ;

however, wost of the loss is irretrievable.

16
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Figure 4 is similar to Figure 3. The vertical axis still measures tte
effectiveness of the procedure, although expressed in different units., ALl
the curves relate to tests composed of items that may be successfully an-
swered by random guessing. The curve labeled "shriﬁking step size" rep-
resents the "best" Robbins-Monro procedure found for a certain purpose after
investigating s large number of such procedures. The "fixed step size"
curve represents similarly the "best" of a large numier of up-and-down
procedures. The "two-block test" represents a "best" fwo-stage procedure»
The first stage is the administration of & single conventional teét wvith
all items at the same difficulty level. The numbér—right score on this
"routing test" is used to assign the examinee to take s single second-
stage test, which again is a conventional test consisting of items all
at the same difficulty level.

The results displayed in the figure show, amonz other things, that the
up-and-down procedure with fixed step size is in this case almost as ef-
ficient as the Robbins-Monro procedure. (Note that figures are displayed
here to illustrate types of conclusions obtainable, not to establish

conclusions for themselves.)

17
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